In this paper, we investigate a class of boundary value problem of nonlinear Hadamard fractional differential equations with p-Laplacian operator. By means of the properties of the Green's functions and Guo-Krasnosel'skii fixed point theorem on cones, various existence results for positive solutions are derived in terms of different values of parameters.
Introduction
Fractional calculus has emerged as an interesting field of investigation in the last few decades. The subject has been extensively developed and the literature on the topic is much enriched now, covering theoretical as well as widespread applications of this branch of mathematical analysis. In fact, the fractional differential equations have attracted more and more attention for their useful applications in various fields, such as economics, science, and engineering; see [1] [2] [3] [4] [5] . In the last few decades, much attention has been focused on the study of the existence of positive solutions for boundary value problems of Riemann-Liouville type or Caputo type fractional differential equations; see [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] .
On the other hand, p-Laplacian operator is extensively applied in the mathematical modeling of several real world phenomena in physics, mechanics, dynamical systems, etc. While studying the fundamental problem of turbulent flow in a porous medium, Leibenson [24] introduced the p-Laplacian operator φ p (x(t)) in 1945. Also there has been shown much interest in obtaining the existence and multiplicity of solutions of this class of problems by employing different fixed point theorems. Recently, many scholars have paid more attention to the fractional order differential equation boundary value problems with pLaplacian operator; see [25] [26] [27] [28] [29] [30] [31] [32] .
The system of fractional differential equations boundary value problems with pLaplacian operator has also received much attention and has developed very rapidly; see [33] [34] [35] [36] [37] [38] [39] . In [33] , He and Song discussed the following fractional order differential system ), i = 1, 2, λ and μ are positive parameters. It has been noticed that most of the above-mentioned work on the topic is based on Riemann-Liouville or Caputo fractional derivatives. In 1892, Hadamard [40] introduced another fractional derivative, which differs from the above-mentioned ones because its definition involves logarithmic function of arbitrary exponent and named the Hadamard derivative. Although many researchers are paying more and more attention to Hadamard type fractional differential equation, the study of the topic is still in its primary stage. For details and recent developments on Hadamard fractional differential equations, see [41] [42] [43] [44] [45] [46] [47] [48] .
From the above review of the literature concerning fractional differential equations, most of the authors investigated only the existence of solutions or positive solutions for Hadamard fractional differential equations without considering the p-Laplacian operator. A very few authors established results along with p-Laplacian operator, in [47] , Wang considered the nonlinear Hadamard fractional differential equation with integral boundary condition and p-Laplacian operator
where f grows p -1 sublinearly at +∞, and by using the Schauder fixed point theorem, a solution existence result is obtain. In [46] , Li and Lin used the Guo-Krasnosel'skii fixed point theorem to obtain the existence and uniqueness of positive solutions. We have
where the continuous function f :
denotes the standard Hadamard fractional derivative of order α. Zhang et al. [48] established some existence of positive(nontrivial) solutions for integral boundary conditions of nonlinear Hadamard fractional differential equations with p-Laplacian operator.
where α, β, and μ are three real numbers with α ∈ (2, 3], β ∈ (1, 2], and μ ∈ [0, β), and f is a continuous function on [1, e] × R.
Motivated by the aforementioned work, we investigate in this paper the existence of positive solutions for the following nonlinear Hadamard fractional differential equation with p-Laplacian operator:
subject to the three-point boundary conditions
where Under some assumptions on f , g and h, we give intervals for the parameters λ, μ and υ such that positive solutions of (1) The main aim of this paper is to investigate the above Hadamard fractional differential equation with p-Laplacian operator boundary value problem (1)- (2) . With the help of the properties of the Green's functions and the Guo-Krasnosel'skii fixed point theorem on cones, we established the various existence results for positive solutions were derived in terms of different values of λ, μ and υ, under different combinations of superlinearity and sublinearity of the functions f , g and h. At the end, we give an example to illustrate the feasibility of our proposed theoretical result.
Preliminaries
For convenience of the reader, we present some necessary definitions and lemmas from Hadamard fractional calculus theory in this section. 
where Γ (·) is the Gamma function.
Definition 2.2 ([1])
The left-sided Hadamard fractional derivatives of order α ∈ (n -1, n], n ∈ Z + of the function h(t) are defined by
and the following formula holds:
where c i ∈ R, i = 1, 2, . . . , n and n -1 < q < n.
Green's function and bounds
In this section we present the expression and properties of Green's function associated with boundary value problem (1)- (2) . In order to prove our main results, we need some preliminary results.
Then the unique solution of , where
Proof It is enough to consider the case when u is a solution of (3). From Lemma 2.1 we
As a result,
Lemma 3.2 Let n -1 < α 1 ≤ n, 1 < β 1 ≤ 2 and y ∈ C [1, e] . Then the unique solution of
, where G 1 (t, s) is defined as (4) .
Proof It is enough to consider the case when u is a solution of (5). From Lemma 2.1 we have
for some constants c i ∈ R, i = 1, 2. In view of (5), we obtain
Also we find
(ln t)
Therefore,
Also we have
Noting Lemma 3.1 and the conditions u 
Proof Consider the Green's function G 11 (t, s) given by (4) .
It is easy to see that
On the other hand, consider ξ ≤ s. It is easy to see that G 12 (ξ , s) ≥ 0.
For s ≤ ξ one has
which implies that G 1 (t, s) is the monotone nondecreasing function, so
Hence the inequality (ii) is proved.
From (4) and (7) we have 
Proof (i) For 1 ≤ t ≤ s ≤ e, it is easy to show that
Therefore, H 1 (t, s) is decreasing in t for s ∈ [1, e], which implies that
Hence, the inequality (i) is proved.
(ii) For s ∈ (1, e). H 1 (t, s) is increasing in t for t ≤ s and decreasing in t for s ≤ t. We define 
-ln s)
[ ( 1 4 )
Hence, the inequality (ii) is proved.
We can also formulate similar results to Lemmas 3.1-3.4 for the Hadamard fractional boundary value problems
and
Remark In a similar manner, the results of the Green's functions G 2 
(t, s), G 3 (t, s), H 2 (t, s)
and H 3 (t, s) for the homogeneous BVP corresponding to the Hadamard fractional differential equations (8) and (9) 
Our main results are based on the following Guo-Krasnosel'skii fixed point theorem on cones. 
Then T has a fixed point in K ∩ (Ω 2 \Ω 1 ).
Positive solutions in a cone
In this section, we shall give sufficient conditions on λ, μ, υ, f , g and h such that positive solutions with respect to a cone for our problem (1)- (2) exist.
We present the assumptions that we shall use in the sequel: [1,e] h(t, u, v, w)
Let X = C [1, e] , then X is a Banach space with the norm u = sup t∈ [1,e] 
Define a cone P ⊂ Y by 
Thus Q(P) ⊂ P. So, we can easily show that Q : P → P is a completely continuous operator by the Arzela-Ascoli theorem.
If (u, v, w) ∈ P is a fixed point of operator Q, then (u, v, w) is a solution of problem (1)-(2).
So, we will investigate the existence of fixed points of operator Q. ∞) there exists a positive solution (u(t), v(t), w(t)), t ∈ [1, e] , for problem
exists a positive solution (u(t), v(t), w(t)), t ∈ [1, e], for problem
Proof Because the proofs of these cases are similar, in what follows we will prove two of them, namely cases (a) and (b). 
On the other hand, by the definitions of f 
Therefore, by (10), (11) and Theorem 3.5, we conclude that Q has at least one fixed point
, υ ∈ (L 5 , ∞) and let > 0 be a positive number such that 
Hence,
In a similar manner, we conclude that
By the definitions of f
Define the set
and proceeding in a similar manner of proof (a), we get
Therefore, by (12) , (13) and Theorem 3.5, we conclude that Q has at least one fixed point
Similarly, we can prove the remaining.
Prior to our next result, we define the positive numbers M 1 , M 2 , M 3 , M 4 , M 5 and M 6 by
where ρ 1 , ρ 2 , ρ 3 > 0 are three positive numbers with ρ 1 + ρ 2 + ρ 3 = 1. 
Theorem 4.3 Assume that the conditions
On the other hand, we define f , g .h : [1, e] × R + × R + × R + → R + as follows: Employing Theorem 4.2 of (a), for each λ ∈ (L 1 , L 2 ), μ ∈ (L 3 , L 4 ) and υ ∈ (L 5 , L 6 ), there exists a positive solution (u(t), v(t), w(t)) of the Hadamard fractional differential equation (16)- (17) .
